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IMPACT PINJOINTED TRUSSES 


Bruno Boley! and Chi-Chang 


SUMMARY 


method for the analysis trusses arbitrary configuration 
subjected impact some their joints, presented this paper. 
pressions are first derived describing the behavior the various types 
joints which may present truss; with the aid these, numerical cal- 
culation procedure developed. This procedure makes use “distribution 
factors,” dependent the joint geometry only, describe the relation be- 
tween the waves arising the bars meeting unloaded joint; the analogous 
relations loaded joint determined with the aid finite- differences 
technique. The method suggested can used whether impact caused 
known pressure pulse collision with solid object. The criterion for 
establishing the time which impact ends discussed detail for the latter 
these cases. illustrative example presented, for which stresses, 
deflections and reactions are calculated, the proposed numerical procedure 
being followed detail. The basic equations governing the behavior the 
various joints are derived for three-dimensional, well plane, trusses; 
the proposed method analysis equally applicable both. 


INTRODUCTION 


The behavior pin-jointed trusses under time-dependent loadings dis- 
cussed this paper means dynamic analysis, which considers de- 
tail the elastic waves set the various bars the truss. Such analysis 
necessary the loads are rapidly applied, either means sudden 
pressure wave through collision with fast moving solid object. course, 
the loads are very gradually applied, the customary static analysis (or 
analysis taking into account the excitation the first few normal modes 
vibration) may adequate; matter fact, this question being studied 
more detail another part the present investigation. The types 
loadings mentioned above, however, are becoming increasingly important 
number engineering applications and therefore call for more accurate 
method calculation. The purpose this investigation therefore the 
development procedure suitable for practical use, and the same time 
general enough include structures arbitrary configuration. 

The paper divided into six sections, follows: 


General Discussion. general discussion the problem and outline 
the method solution are given. The next section, namely, 


Associate Prof. Civ. Eng., Inst. Air Flight Structures, Columbia Univ., 


New York, 
Research Asst., Dept Civ. Eng. and Eng. Mechanics, Columbia Univ., 


New York, 
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Equations for Various Types Joints presents the basic formulas (and 


their derivation) for the solution procedure previously described for the case 
plane trusses. The following five types joints are taken detail: 


Type (a). Loaded joint; all waves travelling away from the joint. 
Type (b). Interior unloaded joint, after the arrival wave one the 


bars. 
Type (c). Loaded joint, after the arrival wave one the bars. 


Type (d). Joint with roller support. 
Type (e). Joint with fixed hinge support. 


The Criterion for the End Impact discussed this section, and 
needed for the cases which the loading produced physical impact with 


solid object. Use this criterion, and the entire procedure section 
illustrated section i.e. 

Numerical Solution and Illustrative with the aid plane 
truss arbitrary configuration. 


Some Additional Remarks are then presented, referring loading con- 
ditions other than those section checks the calculations, etc. 


Equations for Space Trusses are given this section. 


The present investigation part project sponsored the Office 
Naval Research, Navy.3 The contributions Mr. Robert Heninger 


the present work are gratefully acknowledged. 


List Symbols 


speed wave propagation, i.e. 


cross-sectional area i-th bar 

constants 

distribution factor, see Tables and and eqs. (33). 

Young’s modulus 

fraction the wave starting bar resulting from the suc- 
cessive distributions the joints where bars and meet, 
bars and and finally the joint where bars 
and meet. 

total incoming and outgoing waves, respectively, bar 
the loaded joint (type c). 

wave caused bar the total wave entering joint 
bar when joint type (c). 

force 

subscripts indicating bars 

characteristic length; taken unity the numerical example. 

length i-th bar 


The results described herein were first presented Technical Reports 
No. “The Analysis Plane Trusses under Impact,” Bruno Boley 
and Chi-Chang Chao (1953) and No. “Equations for Three-Dimensional 
Trusses Under Impact,” Chi-Chang Chao and Bruno Boley (1954) 
issued under contract Columbia University. 
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mass striking body 
number bars meeting joint 

subscript indicating the bar travelled incoming wave 

defined eqs. (15a), (15b) and (32a), respectively 


reaction 

time 

axial displacement the i-th bar 

velocity 

distance along i-th bar 

displacement 

angle between bar and bar velocity and force respec- 
tively 

mass density 

normal axial stress bar 

interval used with finite-differences solution; 0.2 for 


the numerical example 
General Discussion 


general description the problem and the method solution pre- 
sented this section. This method consists essentially procedure for 
following the waves set up, when impact occurs, the various bars the 
truss and determining how these waves are distributed among the bars 
meeting any one joint. For truss with arbitrary configuration with 
large number joints and bars this procedure can become very cumbersome 
unless carried out systematic manner. therefore desirable 
consider first separately the various sources difficulties, and determine 
how each may best treated. 

The first requirement the calculation procedure method consider- 
ing all the waves any one time whatever joint considered. was 
found that this best accomplished solving first for all the waves affecting 
the loaded joint, and subsequently extending the solution the other portions 
the truss. The calculation the waves the loaded joint turn broken 
three phases: 


(a) only waves emanating from the loaded joint are present, before they 
reach the neighboring joints, 

(b) distribution these waves among the bars the neighboring joints, 

(c) arrival and distribution these new waves the loaded joint. 


The actual steps procedure which the above phases are followed 
described detail steps 2-6 section 

the second place necessary determine how the waves are dis- 
tributed any one joint. The distribution process will obey two rules: (1) 
the vector sum the bar forces must vanish (for unloaded joint) balance 
the inertia force the striking mass (at loaded joint); (2) the velocity 
each bar must compatible with the condition that all bars remain attached 
the joint. These two conditions, one the stresses and one the velocity, 
could simplified simple relation existed between the stress and the 
velocity any one bar. phase (a) the previous paragraph the stress 
and velocity the end points each bar will found proportional, 
while phases (b) and (c) this true only for portion the distributed 
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waves; the remaining portion proportional the incoming wave and 
therefore known. These matters are expressed mathematically eq. (4) for 
phase (a) and eqs. (8b) and (8c) for phases (b) and (c); these are employed 
the outline contained section 

the third place, will found (see eqs. that the distribution 
waves unloaded joint (phase readily performed, while that 
loaded joint (phase requires the use finite-differences technique. 
For this reason these phases are kept separate the final procedure. 

The general ideas indicated above form the basis the proposed solution; 
the remainder this section will elaborate them, introduce suitable 
notation, and express the various phases the problem mathematical 
form. fix ideas this will done with reference the particular truss 
Fig. but will clear that this way restricts the generality 
the method. The discussion this section fact valid for either two 
three-dimensional trusses. The formulas for the distribution waves 
the various types joints are given section for two-dimensional trusses, 
and section for three-dimensional ones. 

Consider the truss Fig. struck joint say, mass with 
velocity the direction shown. Waves immediately arise all the bars 
meeting that joint; the corresponding axial displacement the i-th bar 
satisfies the wave 


where the axial distance along bar positive when measured from the 
joint question. Bending deflections are neglected this 
first only waves travelling away from the joint are present; (phase (a) above), 
hence 


for any bar, where arbitrary function. The stress 


and velocity Ot) bar (struck end, here joint are then 
connected the relation 


Love, H.: The Mathematical Theory Elasticity. Fourth Edition, 


Dover Publications, New York, 1944. 

This type deflection probably little importance most applications. 
would course become significant the applied loads were such 
excite greatly the lower normal modes vibration which involve consider- 
able transverse deflections; such problems more thorough analysis 
would required. 


605-4 


= 


where primes indicate differentiation with respect the argument the 


function 
The mass acted upon the stress eq. (3), and behaves ac- 
cordance with Newton’s law motion, which, written the direction each 


the bars, 


(5) 


where all quantities are evaluated joint the truss which obeys 
eqs (2) and (5) loaded joint with all waves travelling away from and will 
called type (a). With the subsequent arrival reflected waves this will 
longer true, and the joint will then one type (c). 

Eqs. (5) assumes that the mass and the struck joint remain contact; 
contact were cease, this equation would reduce 


(6) 


joint which obeys eq. (6) will called type (b). 
Return now the struck joint, and follow the waves proceeding from 

along the various bars. The solution eqs. (2) and (5) completely determines 

the wave any bar (say the i-th) until time L,/a, that when the wave 

has reached the far end the bar question. Consider for example bar 

the truss Fig. its wave will first affect joint striking 

with wave eq. (2). the origin now shifted joint the magnitude 


becomes 


where the present example. general, the subscript will denote 
the bar along which wave arrives. The wave causes disturbances all 


bars emanating from joint and travelling away from (phase (b) above); 
hence, they all satisfy eq. (2). The governing equations for this joint are 
obviously (6); therefore, this joint type (b), and these new waves can 
determined from those equations. Let the new wave bar denoted 


The corresponding equation bar must, addition, take into account the 
incoming wave eq. (7) and 


follows from the above equations that, 
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Notice that all bars but the p-th eqs. (4) still hold; for the p-th bar only 
portion the stress proportional the velocity, while the remainder 
proportional the known incoming wave 

Solution eqs. (6) will show that the simple relations 


holds for all bars, where Dpi “distribution factor” dependent only the 
geometries the joint question and its bars; listed Table Note 
that, general, the relation 


Dip Opj 


holds, and that Dpp will general different when calculated different 


ends the same bar. Thus (see Fig. for example. 
Let now continue follow the new waves just started joint 


also type according the distribution factor appropriate that joint; 
will thus give rise the following new waves (travelling away from joint D): 


247 


where x3, and are now measured from joint Thus, when 


Wave will course reach joint the same time (note 
but before that happens has been seen that has already ar- 
rived there, and similarly will have With the exception 


all these waves encounter only joints type (b) and therefore behave 
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and 
(10) 


described above. Joint fixed hinged support, and therefore cannot dis- 
place; such joint will called type (c) and can treated manner 
analogous that type (b) with the use the appropriate distribution fac- 
tors listed table Incidentally, the same true joints type (d), that 
joints with roller support; Table gives the distribution factors for this 
case well. 

There remains now consider the behavior the loaded joint this 
case) after the arrival waves along its component bars (phase (c) above). 
This was defined joint type (c) and combination types (a) and 
(b) that follows eqs. (5) and (8). The solution these equations cannot 
put terms distribution factors similar those introduced above; the 
governing relations are derived the next section. will seen that 
most advantageous employ finite-differences technique their solution. 

The remarks given above provide the basis for the proposed method 
analysis. The derivation the basic equations given the next section, 
while the details the procedure followed the solution actual 
problem are presented, together with illustrative example, section 


Equations for Various Types Joints 


The basic equations for each type joint are derived below for the case 
plane truss. 


Type (a). the case each joint has two degrees freedom; hence, there 
can only two independent equations the set (5). Take, for example, the 
i-th and j-th equations the independent ones; then any other (say the 
k-th) may obtained from them multiplying the i-th equation 
(sin sin the j-th (sin sin adding the results and sim- 
plifying the expression thus obtained with the aid the equations 


and the compatibility relations 


two special cases and eq. (12) trivial; the remaining (n-2) 
cases may easily derived equating the two expressions for the dis- 
tance given Fig. Eq. (12) holds also replaced (Ouj/ Ot); 
then use eq. (4) shows that one may also write 


With (12a) and (4) all displacements but two may eliminated from the two 
independent equations the set (5). Taking again the i-th and j-th equations 
the independent ones one obtains: 
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n 


The first these gives 


n 


=- 


Kat 


Substitution into the second eqs. (13) gives, after some algebraic manipula- 
tion and with the aid relations (11), 


where the constants and independent the choice reference bars, 


The initial conditions for eq. (15) are provided known initial velocity and 
displacement the joint; they are 


The final result 
where and are determined from the first two (15c), and where 


(/64) 


are: 
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Type (b). For bars other than the p-th one, eqs. (8) show that the com- 
patibility condition (12) may simplified eq. (12a), namely 


say, then use eqs. (8b) gives 


With use (17), (17a) and (8c), the basic equations (6) can reduced to: 


with i,j For the case the quantity appearing these equations 
must course replaced The relation between fpi and 
the desired distribution factor; can obtained algebraic solution (17) 
and listed Table 


Type (c). The basic equations for this type joint are again (5), where the 
velocities and stresses are respectively given eqs. (8b) and (8c). The solu- 
tion could obtained treatment similar that for joints types (a) and 
(b); such analytical solution, however, would become very complicated ex- 
cept the simplest examples, and was therefore considered more practical, 
the work which follows, employ technique for this type 
joint. Both methods are however presented this point. 

The analytical solution gives, similarly eq. (15): 


+P — pi (8) 


where 


Let the time which the incoming wave arrives this joint. 

Then the solution eq. (23), satisfying the conditions that the velocity the 


where and are given eqs. (16a). 


The procedure for the finite-difference solution follows. The basic 
equations (see eqs. (13) and are: 


(19) 


SING; 


for Let now 


and similarly for Employing the average values the functions and 
with each interval one obtains the final finite-difference equations: 


n 


(/96) 


n 
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Note that, similarly eq. (17c), the quantity appearing eqs. (19) must 
replaced when i=p. From this point the solution purely 
numerical and therefore postponed the discussion the illustrative 
example (Step 6.) 


Type (d). joint roller support has only one degree freedom; this 
type constraint obtained letting the direction eq. (12) that the 
reaction; then and 


Similarly eq. (12a) one may write 


Selecting again two independent equations from the governing set 


one may solve for the unknown reaction and stress the independent bar 
purely algebraic manipulation. The result for the latter given Table 
and for the former 


n 


The angle between the i-th bar and the reaction denoted 


Type (e). This type joint does not displace; therefore, all values 
and vanish with the exception which can obtained from (8b) 


The corresponding distribution factors are listed Table The reaction 
equal and opposite 


Criterion for the End Impact 


Consider rigid mass moving space with certain velocity; and as- 
sume that its uniform motion disturbed collision with elastic object, 
this case the joint truss. consequence the mass velocity will 
change both magnitude and direction, and will fact identical with that 
the joint. Eventually, however, the mass will leave the joint either re- 
bounding slipping off. The time which this happens the time end 
impact; the determination the object the discussion below. 
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(20a) 


Immediately after the start impact, the mass and joint move together 
some curvilinear path; that any one time the mass restrained from 
escaping along the tangent that path with its instantaneous velocity (as 
tends because its inertia) the interference provided the truss. 
Should that interference suddenly end, the mass will course leave and im- 
pact will cease. 

The meaning the term ‘interference,” employed above, may clari- 
fied follows. Consider joint type (a) (c), and assume that the strik- 
ing mass hits that joint within the angle defined the i-th and the 1)th 


certain instant to, with velocity and investigate their subsequent mo- 
tions the hypothesis that impact ends that instant. The mass will then 
travel straight line distance (Vdt) during short interval dt. The joint 
will one type (b) during that interval and will therefore travel along 
curve which, general, not straight line. Thus, the final positions 
the joint and the mass usually not coincide. Consider now bars and 
(i+ 1); their position will have changed slightly during the time dt, and will 
happen that, certain cases, the above displacement the mass places 
outside the angle defined these bars. the mass was originally taken 
within this angle, the situation just described physically impossible, and 
one may then conclude that interference exists. such case therefore im- 
pact will continue. the other hand, should interference arise between 
the position the mass and that the truss, the calculations mentioned 
above would yield the actual motion the system, and impact would have 
ended. The above discussion illustrated Figs. and for the example 
the truss Fig. 

The following criterion for the time end impact may now written; 
necessary and sufficient condition for impact continue the persistence 
interference defined above; or, other words, impact will end the first 
time that interference not present. 

Practical use this criterion may quite laborious for some instances; 
the calculations may shortened observing that interference will always 
exist when the component the force (on the mass) between mass and joint 
parallel the direction the mass velocity has the same sense i.e. 


when 


where indicates the scalar product. thus sufficient limit the investi- 
gation interference tot the times which relation (22) fails, i.e. when 


(22a) 


interest note some special problems which the limiting case 
(22a) holds. The most important these the example longitudinal im- 
pact the free end single bar. this case until the time 
maximum deflection, when and therefore However, inspection 
shows that interference always present and hence impact persists. the 
mass rebounds, relation (22) holds until this time again and 
impact will end. similar situation will arise all cases which the direc- 
tion the mass velocity (and force) unchanged during impact, for 
instance the case whenever symmetrical truss subjected impact its 


plane symmetry. 
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Numerical Solution and Illustrative Example 


The behavior truss Fig. studied below. This truss allows 
simplifications such might due conditions symmetry too 
restricted number bars and joints, and furthermore contains joints 
all five types discussed earlier. The loading applied collision with 
solid object; solution corresponding prescribed force would con- 
siderably simpler and discussed more briefly later. 

The proposed numerical solution consists the steps outlined below. 


Step Make scale drawing the truss question and list all the me- 
chanical and geometrical parameters required the solution. For the present 
example this done Fig. 


Step List the distribution factcrs Dj, for all bars all joints, 
Table II. They are obtained from Table for joints types (b), (d) and (e). 
The distribution factors listed Table for joint (loaded joint) will 
needed for the calculation the time end impact, and the example 
continued beyond that time. 


Step Prepare (2n) tables, where the number bars meeting the 
struck joint; here these tables one-half will used for outgoing 
(travelling away from the loaded joint) waves, and will labeled Tables O1, 
....,On, respectively, for waves travelling along 3,..., the other 
half will used for incoming (travelling toward the loaded joint), waves, and 
will labeled Table I1, In, respectively, for waves travelling along 
bars The six tables required the present problem are included 
this paper. The first column these tables gives the time non- 
dimensional form (at/L), where characteristic length and was 
here chosen the length the shortest bar, namely convenient 
list the quantity equal intervals magnitude chosen such 
way that the quantity is, for all bars, and integral multiple 
denotes the length the i-th bar. the present example AT= 0.2. 


Step This step corresponds phase (a) soon impact 
starts, the loaded joint (B) type (a); find then from eq. (16) the functions 
for any two (say the i-th and j-th) the bars meeting that joint; the 
values for the k-th bar are then calculated from relation (12a). The 


final numerical results are: 


- -f 


where 


The values these functions are entered (for the appropriate values 
the second solumn Tables These quantities represent all 
the waves present the loaded joint until the first reflected wave arrives. 
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The stresses and velocities during this period, can then 
easily found from eqs. (3) and (4). 


Step this step, corresponding phase (b) section Tables 

li,..., are filled according eqs. (9) and (10) and the discussion 
following them, for all times for which this can done without considera- 
tion any joints type (c). Consider example wave Table 


This wave arrives joint Bat 3.6; hence, all entries 


for itare zerofor 3.6. Now the first reflected wave reach joint 
that travelling along the shortest bar and this example ar- 


rives when =2; that time divided (joint type (c), 
see Step 6.) among bars and particular this last fraction will 
5.6. Hence, entries for Table can filled during this step for 
the range 3.6< 7<5.6. The value 5.6 indicated that table heavy 
horizontal line, and similarly for all other waves. Note that all entries are 
zero for 0<T Table li, where represents the length bar 
The sum all incoming waves written the last column the right 
these tables; has been denoted the symbol for Table Ii. 


Step This step corresponds phase (c) The loaded joint 
considered one type (c), other words the distribution incom- 
ing wave loaded joint taken up. Such distribution can longer 
effected, step for joints type (b), simply multiplication 
distribution factor; use eqs. (19b) therefore suggested. the present 


where depending the bar travelled the incoming wave. For 
that joint eq. (12a) is: 


The notation denotes the influence bar the total wave Table 
Ip) entering joint through bar Note that, according eqs. (17) must 
replaced the details the numerical solution, the 
quantity (-fip) entered first tables Op. Then the quantities are 
calculated simultaneous solution eqs. (25) and subsequent use (25a); 
the results are entered Tables Oi. Note that the initial conditions for eqs. 
(25) are obtained from the fact that there cannot be, loaded joint, any sud- 
den change velocity; therefore, all functions 
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must vanish the time arrival the incoming wave. 


Step The sum all the columns Tables Oi, for the rows which have 
been completed, now listed the last column the right each these 
tables. denoted and represents the total outgoing wave bar 
the loaded joint. The stress and the velocity bar that 


joint are then (see eqs. (8) 


These quantities may calculated for all times means the previously 
described steps. Their values the present problem are listed Table III, 
and the stresses bars and are plotted Fig. 

The resultant velocity the loaded joint, the resultant force acting 
the striking mass, and the angles and between bar and these quanti- 


ties are also given Table They were calculated from the following 
formulas: 


@: 


vw Vv a 


The displacement the loaded joint any time 


Vat (27) 


where the terms under the summation must added vectorially, process 
most conveniently carried out graphically. the present numerical examples 
the average value the velocity within each interval was employed. 
plot the displacement the loaded joint shown Fig. 


Duration Impact. has been shown that impact can end only when rela- 
tion (22a) holds; the present example this true 2.7 and 
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(26C) 


These limiting values are approximate; they correspond the time 
which 


and can obtained inspection Table The final determination the 
time end impact requires use the definition interference previously 
defined and illustrated Figs. (4a) and (4b), respectively for presence and 
absence interference. The velocities the mass and joint are required 
for drawing these figures and are given eq. (27a); the quantity 
given eq. (26b) the case the mass, and the relation 


ou; 


the case the joint (considered temporarily one type (b)). The ap- 
proximate time end impact for the illustrative example 4.9. 


Interior Joints and Bars. The calculation the stresses, velocities and 
displacements the interior the truss can now discussed. This portion 
contains loaded joints, and therefore the use the previous finite- difference 
solution longer necessary; fact, repetition step for the joint cur- 
rently considered all that required. 

Consider example the bars meeting joint The wave To) 
appearing Table also the total wave entering joint from bar 
1.2, and known. Similarly the total outgoing wave 


two waves are entered IV; eqs. (26) the stress and the velocity 
can evaluated this end bar they are also listed that table. 

For the other bars joint the incoming and outgoing waves must 
found from the procedure described step This step makes use the 
distribution factors; these have already been listed Table II, diffi- 
culties arise because supported joints such and (Fig. 1). The 
deflections interior joint and the stresses and velocities arising all 
bars meeting are calculated the same manner for the loaded joint; some 
these are listed Table Plots these and additional quantities (deflec- 
tions joint and reactions, for example) have been presented elsewhere 
but appeared too lengthy repeated here. The solution may thus con- 
sidered complete. 


Additional Remarks 


Some additional information presented here concerning checks the 
numerical calculations, possible simplifications and the adaptation other 
loading conditions. 


the calculations carried out any one joint necessary choose 
two bars considered independent, and then calculate the waves 
the remaining bars from eq. (12a). The choice independent bars arbi- 
trary; therefore, check obtained deriving the same results with dif- 
ferent independent coordinates. Another check provided the fact that 
the vector sum the forces all the bars meeting interior joint 
must zero. 
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certain number joints must travelled reach any one bar from 
the loaded joint; this number increases, the stresses decrease. (see for 
example Table V). This because each wave distributed each joint 
according distribution factors which are smaller than unity; other words, 
the truss configuration large distances from the loaded joint influences 
little the stresses near the load. the truss Fig. for example, impact 
has already ended when waves which passed through joint return the 
loaded joint. 


follows that the maximum stresses will usually occur one the 
bars meeting the loaded joint. upper limit for these stresses can 
obtained considering all joints adjacent the loaded one fixed hinges. 
Since joint such type the truss Fig. this procedure gives 
this particular case the actual maximum stress. 


the loading consists prescribed force varying with time, joints 
type (a) and (c) are eliminated and therefore finite-difference solution 
necessary. The modifications necessary reduce the loaded joint one 
type (b) have been mentioned the discussion that type joint. 


impact occurs more than one joint, either simultaneously not, 
the stresses and velocities can obtained superposing the values obtained 
considering each impact separately. Care must exercised, however, 
that necessary consider together the effects all loadings when the 
time end impact for any one the striking masses calculated. 


the calculations previously described only the stresses and veloci- 
ties the ends each bar were determined. easy find the values 
these quantities say distance from one the ends (say bar 
with the aid the expressions 


inc. 


where the subscripts indicate the total outgoing incoming wave 
i.e. joint 


The striking mass was assumed perfectly rigid the present example 
not introduce any complications extraneous the truss proper. 
Should the mass elastic, some modifications the calculations pertaining 
joints type (a) would required, perhaps employing the Hertz theory 
impact for the determination the impulsive force. 


Equations for Space Trusses 


The procedure described above for the analysis trusses under impact 
quite general and can therefore applied directly three-dimensional 
trusses; some the basic equations, however, must modified take into 
account the additional degree freedom. The principal equations are listed 
below and are derived with the aid some well known formulas vector 
analysis.® Note that all equations section are still valid. Eq. (12) for the 
case becomes 


Wills, P.: “Vector Analysis, with Introduction Tensor Analysis,” 
Sections 94-95, Prentice-Hall, Inc., New York, 1931. 
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where bars and are not coplanar, and where 


(306) 


Eqs. (13), the three-dimensional case, are replaced the following 
equations: 


and two other similar equations for bars and where, the summations, 
3,....n. Eq. (15) becomes this case 


+P + on @ (32) 


where the quantities and are identical with those given eqs. (15a) 
and (15b) respectively, and 


and where 


With the above equations, joints type (a) can treated. For joints type 
(b) the necessary distribution factor Dip eq. (9) becomes 


(33) 


(30) 
605-18 


33a 


For joints types (c) the finite-differences technique should again em- 
ployed; the pertinent equations (corresponding (19b) are cumbersome but 
otherwise easily derived and are therefore not presented. 


605-19 


Fig. Truss for Example. 
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} 


Fig. Displacement Joint Plane Truss. Original Position 
Final Position 
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(ARROW DIRECTION FORCE, NOT SCALE) 


Fig. Displacements Joint the Truss Fig. 
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/ ot impact 4.3 
T=46 
3.4 
3.0 
2.3° 


Fig. Determination Time End Impact. 
impact continues 
impact ends 
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TABLE Magnitudes and Directions Stresses, Velocities 


605-28 


32558 
29577 


-11543 
16953 
49223, 


11594 


|.00000 
-46699 
.45218 


83400 


43°48 
44°29' 


189° 
19543 


18404 


| 
24123 
605-29 


.50540 
.38700 


2.0 
7.2 
2.8 
3.0 
3.2 
3.2 
3.6 36884 
4.0 
4.2 
13042 
4.4 13042 
4.8 
TABLE IV. Stresses and Velocities Bar Joint the Truss Fig. 
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TABLE Magnitudes Stresses, Velocities 
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23622 


15454 


|-. 


23899 


26590 
605-33 


2.4 


3.2 


3.6 
4.0 


TABLE 11. TABLE 13. Incoming Waves Joint Bar 
coming Waves 


2.2 
2.4 
3.0 |-43733 
3.6 07785 09320 
4.0-| 06520 
4.2 
4.2 4.4 05447 
605-34 
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11477 
| | 


08742 


06047 

05008 

.00945| 


TABLE 12. Incoming Waves Joint Bar 


14982 
26 13723 
| 07388 
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TABLE 01. Outgoing Waves Joint Bar 


65213 
53350 53350 
43133 
.32558 
20- 26786 
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TABLE 02. Outgoing Waves Joint Bar 
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41869 
1.2 
1.4 


2.0 
2.8 
2.8 
|-.01232 


TABLE 03. Outgoing Waves Joint Bar 


01810 
01482 
00995 

22293 
21512 
22818 
29127 
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